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Abstract
Let P be a convex polytope in the Euclidean space En . Consider the group G P generated by reflections
in the facets of P. We say that P generates a reflection group G P . The spherical simplices generating
simply-laced reflection groups were described by P.J. Cameron, J.J. Seidel and S.V. Tsaranov [Signed
graphs, root lattices and Coxeter groups, J. Algebra 164 (1994) 173–209]. The simplices generating the
remaining spherical reflection groups were listed in [A. Felikson, Spherical simplices generating discrete
reflection groups, Sb. Math. 195 (3–4) (2004) 585–598, arXiv:math.MG/0212244]. In the present paper, we
find all Euclidean simplices generating discrete reflection groups.
c© 2006 Elsevier Ltd. All rights reserved.
0. Introduction
Let P be a convex polytope in spherical space Sn , Euclidean space En or hyperbolic space
H
n
. Consider the group G P generated by the reflections with respect to the facets of P . We call
G P a reflection group generated by P. The problem we consider in this paper is to list polytopes
generating discrete reflection groups.
The answer is known only for some combinatorial types of polytopes. Already in 1873,
Schwarz [12] listed spherical triangles generating discrete groups. In 1998, Klimenko and
Sakuma [11] solved the problem for hyperbolic triangles. In [3,5,4,6] the problem was solved
for hyperbolic quadrilaterals, compact hyperbolic pyramids and triangular prisms, hyperbolic
simplices, and Lambert cubes in S3, E3, H3.
A reflection group is called simply-laced if its fundamental polytope has no dihedral angles
different from π/2 and π/3. Spherical simplices generating simply-laced reflection groups were
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described by Cameron et al. in [1]. The simplices generating the remaining spherical reflection
groups were listed in [7].
In this paper, we use the method of [7] to classify Euclidean simplices generating discrete
reflection groups.
This paper was written during the authors’ stay at the Max-Planck-Institut fu¨r Mathematik in
Bonn. We are grateful to the Institute for hospitality.
1. Preliminaries
A convex polytope in Sn , En or Hn is called a Coxeter polytope if all its dihedral angles are
integer submultiples of π . The group GF generated by reflections in the facets of any Coxeter
polytope F is discrete, and F is a fundamental domain of GF .
On the other hand, any discrete group G generated by reflections coincides with GF for some
Coxeter polytope F . If G = G P for some non-Coxeter polytope P , then P consists of several
copies of F , and any two copies containing a facet in common are symmetric to each other with
respect to this facet.
1.1. Spherical reflection groups
Let G be a reflection group acting on Sn . Suppose that G acts on Sn discretely, i.e. G is a
finite group. Then G is generated by reflections in the facets of some spherical Coxeter polytope.
It was shown by Coxeter [2] that any spherical Coxeter polytope containing no pair of antipodal
points of Sn is a simplex.
To describe Coxeter polytopes we use Coxeter diagrams. A Coxeter diagram of a Coxeter
polytope F is a graph whose nodes vi correspond to the facets Πi of F . Nodes vi and v j are
joined by a (k − 2)-fold edge if the dihedral angle formed by Πi and Π j equals πk (if Πi is
orthogonal to Π j , vi and v j are unjoined). Indecomposable spherical and Euclidean Coxeter
simplices were classified by Coxeter [2]. The list of their Coxeter diagrams is represented in
Table 1.
1.2. Euclidean reflection groups
Let G be a discrete reflection group acting on En . Let F be a fundamental chamber of G. As
shown in [2], F is a direct product of several simplices and simplicial cones.
Suppose that G is generated by a simplex (the simplex may not be a Coxeter simplex). Then
G is an indecomposable group and the fundamental chamber of G is compact. In this case the
fundamental chamber of G is one of the simplices ˜An , ˜Bn , ˜Cn , ˜Dn , ˜E6, ˜E7, ˜E8, ˜F4 and ˜G2 (see
Table 1). See [13] for more information about discrete reflection groups.
We use the notation An , ˜An , Bn , ˜Bn and so on for Coxeter simplices as well as for the groups
generated by these simplices. Finite root systems are denoted by An , Bn and so on. See [10] for
background information on root systems.
Let P be a simplex generating discrete reflection group (P may not be a Coxeter simplex).
Clearly, in this case all the dihedral angles of P are of the type πmk . Hence, for any simplex
generating discrete reflection group we can construct the following generalized Coxeter diagram:
the nodes vi of the diagram correspond to the facets Πi of P; the nodes vi and v j are joined by
a (k − 2)-fold edge decomposed into m parts if the dihedral angle formed by Πi and Π j equals
πm
k .
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Table 1
Coxeter diagrams of indecomposable spherical and Euclidean Coxeter simplices
An(n ≥ 1)
A˜1
A˜n (n ≥ 2)
Bn = Cn(n ≥ 2) B˜n (n ≥ 3)
C˜n (n ≥ 2)
Dn (n ≥ 4) D˜n (n ≥ 4)
G(m)2
m G˜2
F4 F˜4
E6 E˜6
E7 E˜7
E8 E˜8
H3
H4
Connected elliptic and parabolic Coxeter diagrams are listed in the left and the right columns respectively. White nodes
correspond to facets opposite to special vertices.
2. Families of simplices
2.1. Spherical simplices generating discrete reflection groups
Let En be n-dimensional Euclidean space, and Sn−1 be the unit sphere centered at the origin.
Any hyperplane of Sn−1 is a section of Sn−1 by some hyperplane of En containing the origin.
Hence, any (n − 1)-dimensional simplex in Sn−1 is an intersection of Sn−1 with an interior of
some cone in En having n facets and centered at the origin.
So, suppose that P is a spherical (n − 1)-dimensional simplex. Then we can define P by unit
outward normal vectors f1, . . . , fn to the facets of the corresponding cone.
We denote byΠ1, . . . ,Πn the facets of P . The hyperplanes containingΠ1, . . . ,Πn decompose
Sn−1 into 2n simplices P1, . . . , P2n encoded by n-tuples of vectors {± f1, . . . ,± fn}. In this paper
the set of simplices P1, . . . , P2n is called a family. Each of the simplices P1, . . . , P2n generates
the same reflection group as P does. Thus, we can study the families instead of studying the
simplices themselves. (In fact, up to isometry, any family contains at most 2n−1 simplices: the
simplex { f1, . . . , fn} is always congruent to {− f1, . . . ,− fn}.)
Let P be a simplex generating a discrete reflection group G P . Clearly, the dihedral angles of
P are rational numbers multiplied by π . Moreover, if G is an indecomposable spherical reflection
group distinct from G(m)2 , H3 and H4, then any dihedral angle of P is either
π
k or
π(k−1)
k , where
k = 2, 3 or 4 (cf. Table 1).
By analogy with Coxeter simplices, any simplex whose dihedral angles equal either πk or
π(k−1)
k can be represented by the following diagram: the nodes vi correspond to the facets of P;
the nodes vi and v j are joined by a (k − 2)-fold edge if the angle formed by Πi and Π j is either
π
k or
π(k−1)
k (if Πi is orthogonal to Π j , vi and v j are unjoined).
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Note, that if P is a Coxeter simplex then the diagram corresponding to P is a Coxeter diagram
of P .
Any two simplices in one family have the same family diagram. So, we can assign to a family
the diagram of any simplex contained in the family. We call this diagram a family diagram. It
is proved in [7] (Lemma 2) that any graph having no edge of multiplicity greater than two is a
family diagram for at most one family of simplices. The same statement is also true (and evident)
for the dihedral group G2 = G(6)2 .
If a family diagram contains only simple and double edges, an individual simplex in the family
can be specified by assigning signs to the edges of the family diagram: an edge is labelled by
“+” if the corresponding angle of the simplex is acute, and by “−” otherwise. Such a diagram
of a simplex can be transformed to the diagram of any other simplex from the same family by a
sequence of operations Oi , where Oi changes the sign of all edges incident to vi and preserves
other signs (that corresponds to a change of the sign of fi ). The signed graph defined above
carries exactly the same information about the simplex as the generalized Coxeter diagram does:
the edges labelled by “+” in the signed graph are not decomposed in the generalized Coxeter
diagram of the simplex.
2.2. Euclidean simplices generating discrete reflection groups
Let P be a simplex in En generating discrete reflection group G P . Let Π0, . . . ,Πn be the
facets of P , and f0, . . . , fn be the outward unit normal vectors to Π0, . . . ,Πn . The hyperplanes
containing Π0, . . . ,Πn decompose En into 2n+1 domains P1 = P, . . . , P2n+1−1, P2n+1 = ∅
encoded by the vectors {± f0, . . . ,± fn}. All these domains except the initial simplex P (and the
empty one) are non-compact.
We classify Euclidean simplices generating discrete reflection groups up to similarity.
Notice that the vectors { f0, . . . , fn} are linearly dependent; however, any n of them are
linearly independent. We call a system of n+1 vectors satisfying the condition above admissible.
It is easy to see that any admissible system defines a unique (up to similarity) configuration of
n + 1 hyperplanes in En , or equivalently, Euclidean simplex. If { f0, . . . , fn} ⊂ En define a
simplex P then we say that the collection of 2n+1(n + 1)-tuples of vectors {± f0, . . . ,± fn} is a
family associated to the simplex P .
Furthermore, notice that any dihedral angle of P is either πk or
π(k−1)
k , where k = 2, 3, 4 or
6 (see Table 1). Hence, we can define family diagrams for Euclidean simplices in the same way
as for the spherical ones: two nodes are joined by a (k − 2)-fold edge if the corresponding facets
of the simplex form an angle equal to either πk or
π(k−1)
k . The same diagram corresponds to any
(n + 1)-tuple of vectors from the family associated to P .
For a simplex whose family diagram contains simple and double edges only, we may introduce
a signed graph as in the spherical case: an edge of the family diagram is labelled by “+” if the
corresponding angle of the simplex is acute, and by “−” otherwise. The operations Oi switching
the sign of the vector fi transform the signed graph of a simplex P to the signed graphs of other
(n + 1)-tuples of vectors from the family associated to P .
Lemma 1. Two non-similar Euclidean simplices generating discrete reflection groups define two
distinct family diagrams.
Proof. In the case of the group ˜G2 the lemma is evident: there are exactly two triangles
generating the group ˜G2, i.e. a triangle with angles 2π3 ,
π
6 ,
π
6 and a Coxeter triangle with angles
π
2 ,
π
3 ,
π
6 . Their family diagrams are different.
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Now we can assume that our simplices generate groups different from ˜G2, so their family
diagrams contain simple and double edges only. The further proof of the lemma follows the proof
of Lemmas 1 and 2 from [7]. We consider a family diagram Γ and suppose that Γ is the family
diagram for two simplices. This means that there exist two different ways to assign signs to Γ
leading to signed graphs Γ f and Γ g , which correspond to (n + 1)-tuples of vectors { f0, . . . , fn}
and {g0, . . . , gn} respectively. We shall prove that in this case Γ f can be transformed to Γ g by a
sequence of operations Oi .
Let Γ be a family diagram for two non-similar simplices. We consider two cases:
Case 1. Γ is a cycle which may have some 2-fold edges.
Let Γ f correspond to vectors { f0, . . . , fn}. We can assume that if |i − j | > 1 and {i, j} =
{0, n} then fi is orthogonal to f j . We construct another (n + 1)-tuple of vectors {h0, . . . , hn},
hi = ± fi , such that Γ h is obtained from Γ f by operations Oi , Γ h contains at most one edge
labelled by “−”, and occurrence of “−” depends on Γ only. This will prove the case.
Fix h0 = f0 and choose h1 ∈ { f1,− f1} to make the angle  h0h1 non-acute (i.e. to assign
“+” to the corresponding edge of Γ h ). Then choose h2 ∈ { f2,− f2} to make the angle  h1h2
non-acute, and so on. When the vector hn is chosen, we have two possibilities: either the angle
 hnh0 is acute or it is not.
We denote by Gr the Gram matrix of vectors {h0, . . . , hn}. Since Gr is degenerate and
all the angles except  hnh0 are known, we may consider the equation det(Gr) = 0 as a
quadratic equation on cos(  hnh0). Observe that the leading coefficient of the equation equals the
determinant of the Gram matrix of vectors {h1, . . . , hn−1}, which is positive, and the constant
term equals one. Thus, roots of the equation have one and the same sign. This sign coincides
with the negative sign of the remaining edge of Γ h .
Case 2. Γ is not a cycle.
We denote by v0, . . . , vn vertices of Γ , and let f0, . . . , fn and g0, . . . , gn be representatives
of two different families corresponding to Γ . Let Γ f and Γ g be the signed graphs for these
admissible systems.
Remove from Γ the vertex v0 and all the edges incident to v0. By Lemma 2 of [7], Γ \ v0
corresponds to at most one family of spherical simplices. Thus, up to isometry we have fi = ±gi ,
i = 1, . . . , n. Without loss of generality we can assume that fi = gi , i = 1, . . . , n, and that the
signed graph Γ f \ v0 coincides with Γ g \ v0.
We denote the connected components of Γ \ v0 by Γ1, . . . ,Γk . Suppose that v0 is joined with
Γi by edges e1i , . . . , e
si
i . We can assume that the edge e
1
1 of Γ
f is labelled by “+”. If it is not,
we switch the signs of all vectors f j corresponding to vertices of Γ1. These changes preserve the
signs assigned to the edges of Γi , i = 1, . . . , k. Analogously, we assume that e1i is labelled by
“+” for both diagrams Γ f and Γ g and for any i = 1, . . . , k. Notice that the signed subgraphs
Γ fi and Γ
g
i still coincide.
Consider now any edge e2i joining v0 with Γi . Since Γi is connected, e2i belongs to some cycle
in Γi ∪ v0. Since Γ is not a cycle, this cycle contains less than n + 1 nodes, so it corresponds to
a unique family of spherical simplices (see Lemma 1 of [7]). Hence, the sign of e2i is determined
by the signed graph Γ fi = Γ gi , so the edge e2i has one and the same sign in Γ f and Γ g . The same
is true for any edge incident to v0. Thus, we have Γ f = Γ g , and the lemma is proved. 
Remark. After the paper [7] was written we learned that the signed graphs with operations
Oi were considered in [1], where signed graphs were used to define root lattices, Weyl groups,
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Coxeter groups and Tsaranov groups. In particular, Theorems 1 and 3 of [7] repeat Theorems 4.12
and 4.13 of [1] respectively. At the same time, [1] is devoted to simply-laced groups only, and
Theorems 2 and 4 of [7] have no counterparts in [1]. The results of the present paper are also out
of the field of [1].
3. Special vertices
In this section we prove several auxiliary facts.
A hyperplane α is called a mirror of the group G if G contains a reflection with respect to α.
Lemma 2. Let P be a simplex in En generating the discrete reflection group G P. Then no mirror
of G P decomposing P is parallel to a facet of P.
Proof. Let Π0, . . . ,Πn be the facets of P and let V0 be the vertex opposite to Π0. Suppose that
there exists a mirror of G P that is parallel to Π0 and decomposes P . Since G P is discrete, there
exist only finitely many of such mirrors. Let m be one of them closest to V0.
We denote by h the homothety with center V0 taking Π0 to m. We denote by ri the reflection
with respect to Πi (i = 0, . . . , n), and by r the reflection with respect to m. Since r ∈ G P ,
r = ri1 . . . ril for some l. On the other hand, r = hr0h−1.
Consider the reflection hrh−1 = (hri1 h−1)...(hril h−1). Since hri h−1 ∈ G P for any i =
0, . . . , n, we have hrh−1 ∈ G P . Furthermore, hrh−1 is a reflection with respect to some
hyperplane m′ parallel to m. Moreover, m′ decomposes P and is closer to V0 than m is. This
contradicts the choice of m. 
Lemma 3. Let P be a simplex generating discrete group G P . Let V be a vertex of P and
Π1, . . . ,Πn be the facets of P containing V . Then the stabilizer Fix(V , G P ) of V in G P
coincides with the group G generated by reflections with respect to Π1, . . . ,Πn.
Proof. Suppose that the lemma is false. Then there exists a non-empty set M of simplices for
which the statement of the lemma is broken. We may assume that P ∈ M is a simplex minimal
by inclusion. Let V be a vertex of P for which the statement of the lemma is false. Then among
the dihedral angles formed by Π1, . . . ,Πn there exists a dihedral angle π km , where 1 < k < m
are mutually co-prime integers. Suppose that this angle is formed by Π1 and Πn .
Consider a mirror Π of G such that Π contains Π1 ∩ Πn , and the angle formed by Π and
Π1 is equal to πm . This mirror decomposes P into two simplices P1 and P2. Let P1 be the
simplex having the facet Π1. We denote by G P1 the group generated by P1. Clearly, G P1 = G P .
Furthermore, the group generated by reflections in the facets Π ,Π1, . . . ,Πn−1 coincides with
the group generated by reflections in the facets Π1, . . . ,Πn . On the other hand, the stabilizer
Fix(V , G P1) of V in G P1 coincides with Fix(V , G P ). By the assumption, Fix(V , G P ) does
not coincide with the group generated by the reflections with respect to Π1, . . . ,Πn . Hence,
Fix(V , G P1) differs from the group generated by reflections with respect to Π ,Π1, . . . ,Πn−1.
Thus, the statement of the lemma is broken for P1. This contradicts to the assumption that P ∈ M
is the minimal simplex, and the lemma is proved. 
Let P be any Euclidean polytope generating discrete reflection group. Suppose that there
exists a vertex V of P such that the stabilizer of V contains a linear part of any element of G P .
We call such a vertex a special vertex of P . It is known (see [10], Ch. 6) that any Euclidean
Coxeter simplex has at least one special vertex.
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Lemma 4. Let P be a simplex generating discrete reflection group G P . Then P has at least one
special vertex.
Proof. Let F be a fundamental polytope of G P contained in P . Since G P is indecomposable,
F is a simplex (see [8, Lemma 1]). Any fundamental polytope of discrete reflection group is a
Coxeter polytope, thus F is a Coxeter simplex. Let V be a special vertex of F .
Suppose that V is either an inner point of P or an inner point of some face of P . LetΠ be any
facet of P not containing V . Let m be the mirror of G P parallel to Π and containing V . Then m
cuts P , and that contradicts Lemma 2.
Hence, V is a vertex of P . Let Π1, . . . ,Πn be the facets of P containing V . By Lemma 3,
the reflections with respect to Π1, . . . ,Πn generate the stabilizer Fix(V , G P ) of V in G P . Since
G P = GF , the stabilizer Fix(V , G P ) coincides with Fix(V , GF ), which contains linear parts of
all elements of GF = G P . Thus, V is a special vertex of P . 
4. Simplices generating a given reflection group
Let G be an indecomposable Euclidean reflection group. Let P be a simplex generating G, and
f0, f1, . . . , fn be the vectors orthogonal to the facets of P . By Lemma 4, there exists a special
vertex V of P . Let Π0, . . . ,Πn be facets of P , such that Πi is orthogonal to fi for i = 0, . . . , n.
We may assume that V is contained in Π1, . . . ,Πn .
The stabilizer Fix(V , G) of V in G is a Weyl group of some finite root system Δ. Suitably
normalizing the vectors f1, . . . , fn , we may assume that these vectors belong to Δ. Since V is
a special vertex of P , there exists a mirror of G through V parallel to Π0. Suitably normalizing
f0 we may assume that f0 is contained in Δ. Note, that f0, f1, . . . , fn are linearly dependent
vectors; however, any n of these vectors are linearly independent.
Now we are able to find all families of simplices generating given group G.
Let F be a fundamental simplex of G, and let U be a special vertex of F . We denote by W the
stabilizer Fix(U, G), and letΔ be the corresponding root system. Let v0, . . . , vn be any (n + 1)-
tuple of vectors ofΔ, such that any n of these vectors are linearly independent. LetΠ1, . . . ,Πn be
the mirrors of G containing U and orthogonal to v1, . . . , vn . LetΠ0 be a mirror of G closest to U ,
orthogonal to v0 and not containing U . Then the mirrors Π0,Π1, . . . ,Πn are the facets of some
simplex P generating a finite index subgroup of G. If, in addition, the reflections with respect to
Π1, . . . ,Πn generate W , then some simplex similar to P generates G (the only exception is the
group W = Bn = Cn ; in this case we can obtain either ˜Bn or ˜Cn depending on the vector v0, see
Section 4.2).
In other word, to classify families generating G it is sufficient to follow the algorithm:
(1) Find all linearly independent systems f1, . . . , fn inΔ, generating W (we say that f1, . . . , fn
generate W , if the reflections with respect to the hyperplanes through the origin orthogonal
to these vectors generate W ).
(2) To each system f1, . . . , fn obtained in the previous step, add a vector f0 ∈ Δ in such a
way that any n of vectors f0, f1, . . . , fn are linearly independent. This vector f0 should be
chosen in all possible ways.
(3) If W = Bn = Cn , examine which of the groups ˜Bn and ˜Cn is generated by f0, f1, . . . , fn .
(4) Among the obtained systems one should find the systems corresponding to different families,
i.e. families having different family diagrams.
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The order of vectors in the systems is not important for us. The Weyl group acts on En , hence
it acts on (n +1)-tuples of vectors. We do not distinguish between (n +1)-tuples equivalent with
respect to this action.
4.1. Simplices generating ˜An
Let P be a simplex generating the group ˜An . We may assume that the vectors f0, f1, . . . , fn
belong to the root system An = {±(hi − h j )}, 0 ≤ i < j ≤ n, where h0, . . . , hn is a standard
basis of En+1.
For any simplex P = { f0, f1, . . . , fn} generating ˜An we construct the following graph Γ (P):
the nodes v0, . . . , vn ofΓ (P) correspond to the vectors h0, . . . , hn ; the nodes vi and v j are joined
by an edge if one of the vectors (hi −h j ) and −(hi −h j ) belongs to the set { f0, . . . , fn}. Clearly,
any two simplices from the same family have the same graph.
Theorem 1. There exists a unique family of simplices generating ˜An. This family consists of
Coxeter simplices ˜An.
Proof. Let P = { f0, f1, . . . fn} be a simplex generating ˜An and Γ (P) be the corresponding
graph. Then Γ (P) contains exactly n + 1 nodes and the same number of edges. Since any n
vectors contained in the set { f0, . . . , fn} are linearly independent,Γ (P) has no cycles containing
fewer than n + 1 nodes. Hence, Γ (P) is a cycle with n + 1 nodes.
Note, that the graph Γ (P) determines the family diagram of P . In more details, the nodes of
the family diagram correspond to the edges of Γ (P), two nodes are joined if the corresponding
edges of Γ (P) have a common node. Hence, in case of ˜An the family diagram is a cycle, too. By
Lemma 1, the family of simplices is completely determined by its family diagram. Thus, P is a
Coxeter simplex ˜An . 
4.2. Simplices generating ˜Bn and ˜Cn
Let P be a simplex generating the group ˜Bn or ˜Cn . We may assume that the vectors
f0, f1, . . . , fn belong to the root system Bn = {±hi ,±hi ± h j }, 1 ≤ i < j ≤ n, where
h1, . . . , hn is a standard basis of En .
For any simplex P = { f0, f1, . . . , fn} generating ˜Bn or ˜Cn we construct the following graph
Γ (P): the nodes v1, . . . , vn of Γ (P) correspond to the vectors h1, . . . , hn ; the nodes vi and
v j are joined by an edge if one of the vectors ±(hi − h j ) and ±(hi + h j ) belongs to the set
{ f0, . . . , fn}; the node vi is marked if { f0, f1, . . . , fn} contains ±hi . If { f0, f1, . . . , fn} contains
both ±(hi + h j ) and ±(hi − h j ), the nodes vi and v j are joined by two edges.
Since the system of vectors f0, f1, . . . , fn is indecomposable, Γ (P) is connected. Clearly,
Γ (P) contains at least one marked node (otherwise fi belongs to Dn for any i , where Dn is
embedded in Bn as a set of long roots).
Lemma 5. Let P be a simplex generating ˜Bn or ˜Cn.
(1) If Γ (P) contains more than one marked node then P is a Coxeter simplex ˜Cn.
(2) If Γ (P) contains a unique marked node then Γ (P) is one of the graphs shown in the left
column of Table 2.
Proof. Suppose that Γ (P) contains more than one marked node. Then Γ (P) contains a path
from one marked node to another. Consider such a path that does not intersect itself. The vectors
corresponding to the edges and marked nodes of this path are linearly dependent. Hence, the path
contains all edges of Γ (P), and Γ (P) is the graph shown in Fig. 1. In this case P = ˜Cn .
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Table 2
Simplices generating ˜Bn
Γ (P) Family diagram Generalized
Coxeter diagram
Now suppose that Γ (P) contains a unique marked node. Since the number of edges of Γ (P)
equals n and the number of nodes equals (n + 1) − 1 = n, Γ (P) contains a unique cycle (it may
consist of two nodes). Since any n vectors are linearly independent, if the cycle contains fewer
than n edges then it does not contain the marked node. Hence, Γ (P) have a subgraph shown in
the left column of Table 2. On the other hand, this subgraph corresponds to linearly dependent
system of vectors. Hence, this subgraph coincides with Γ (P). 
Fig. 1. Graph Γ (˜Cn).
Theorem 2. There exist exactly n − 1 families of simplices generating the group ˜Bn. Family
diagrams and generalized Coxeter diagrams of these simplices are shown in Table 2.
Proof. By the second statement of Lemma 5, any simplex P generating ˜Bn corresponds to a
graph Γ (P) shown in the left column of Table 2.
Let us show that any graph Γ shown in the left column of Table 2 corresponds to a simplex
generating ˜Bn . It is easy to see that the vectors f0, f1, . . . , fn are linearly dependent. However,
any n vectors from this set are linearly independent. Hence, Γ corresponds to some simplex P
in En . The group generated by P is a maximal rank indecomposable subgroup of ˜Bn , and the
fundamental simplex of this subgroup has a dihedral angle equal to π4 . By [8], P generates either
˜Bn or ˜Cn .
Let ϕ and ψ be two dihedral angles equal to π4 formed by mirrors of G P . Then there exists an
element γ of G P such that γ (ϕ) = ψ . The group ˜Cn contains two equivalency classes of such
dihedral angles. Hence, G P = ˜Cn and P generates ˜Bn .
Furthermore, let us show that each graph shown in the left column of Table 2 corresponds to
a unique family of simplices generating ˜Bn . Indeed, the family diagram of the family containing
P can be easily recovered from Γ (P): all but one node of the diagram correspond to the edges
of Γ (P), two nodes are adjacent if the corresponding edges have a common point; the remaining
node corresponds to the marked node of Γ (P), this node is joined by a 2-fold edge with all
the nodes that correspond to edges of Γ (P) incident to the marked node. Thus, any graph
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shown in the left column of Table 2 corresponds to a unique family diagram, and, by Lemma 1,
it corresponds to a unique family. An explicit calculation shows that the generalized Coxeter
diagram of a simplex generating ˜Bn is one of the diagrams shown in the right column of Table 2.
Thus, families of simplices generating ˜Bn are in one-to-one correspondence with graphs
shown in the left column of Table 2. To find the number of these families note that Γ (P) is
uniquely determined by the number of edges in the cycle. The latter is any integer number N
satisfying 2 ≤ N ≤ n. The case N = 2 corresponds to a Coxeter simplex ˜Bn . 
As a corollary of Theorem 2 and the first statement of Lemma 5 we obtain the following
theorem:
Theorem 3. There exists a unique family of simplices generating ˜Cn. This family consists of
Coxeter simplices ˜Cn.
4.3. Simplices generating ˜Dn
Let P be a simplex generating the group ˜Dn . We may assume that the vectors f0, f1, . . . , fn
belong to the root system Dn = {±(hi ± h j )}, 1 ≤ i < j ≤ n, where h1, . . . , hn is a standard
basis of En .
For any simplex P = { f0, f1, . . . fn} generating ˜Dn we construct the following graph Γ (P):
the nodes v1, . . . , vn of Γ (P) correspond to the vectors h1, . . . , hn ; the nodes vi and v j are
joined by an edge if one of vectors ±(hi − h j ) and ±(hi + h j ) belongs to the set { f0, . . . , fn};
if { f0, f1, . . . , fn} contains both ±(hi + h j ) and ±(hi − h j ) then vi and v j are joined by two
edges.
The system of vectors f0, f1, . . . , fn is indecomposable, hence Γ (P) is connected. Since
Γ (P) has n nodes and n + 1 edges, Γ (P) contains at least two cycles C1 and C2.
Suppose that C1 and C2 have no common nodes. Since the graph containing two disjoint
cycles corresponds to a linearly dependent system of vectors, Γ (P) is one of the graphs shown
in the left column of Table 3. If C1 and C2 have a unique common node then Γ (P) is the graph
shown at the bottom of the left column of Table 3.
Lemma 6. Suppose that Γ (P) contains two cycles having at least two common nodes. Then the
system of vectors f0, f1, . . . , fn contains n linearly dependent vectors.
Proof. Consider the graph Γ (P) colored in the following way: edges corresponding to vectors
±(hi + h j ) are red, and the remaining edges, i.e. the edges corresponding to ±(hi − h j ), are
black. Note that substituting the vector hi by −hi we change the color of all edges incident to vi .
Thus, preserving the vectors f0, f1, . . . , fn , we can make all but one edge of a given cycle black
(the remaining edge is either red or black). Vectors h1 − h2, h2 − h3, . . . , hk − h1 are linearly
dependent. Hence, each cycle containing an even number of red edges corresponds to a system
of linearly dependent vectors.
Consider common nodes of two cycles contained in Γ (P). There are at least three paths
L1, L2 and L3 joining these nodes in Γ (P). We denote by c(Li ) the number of red edges in Li .
Then c(Li ) + c(L j ) is even for some i = j , i, j = 1, 2, 3. We assume that c(L1) + c(L2) is
even. Then the cycle C = L1 ∪ L2 contains an even number of red edges, so it corresponds to
some linearly dependent vectors. Since some edges of Γ (P) do not belong to C , the number of
these linearly dependent vectors is less than n + 1. The contradiction proves the lemma. 
Corollary 1. Γ (P) contains exactly two cycles and coincides with one of the graphs shown in
the left column of Table 3.
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Table 3
Simplices generating ˜Dn
Γ (P) Family diagram Generalized
Coxeter diagram
Thus, we obtain the following theorem:
Theorem 4. The group ˜Dn is generated by exactly 14 n(n − 2) families of simplices if n is even,
and by exactly 14 (n−1)2 families if n is odd. Family diagrams and generalized Coxeter diagrams
of these simplices are presented in Table 3.
Proof. By Cor. 1, a simplex P generating ˜Dn corresponds to a graph Γ (P) shown in the left
column of Table 3.
Let us show that any graph Γ presented in the left column of Table 3 corresponds to a simplex
generating ˜Dn . For each cycle of Γ we choose an edge viv j and put the vector hi − h j in
correspondence with this edge (in other word, we suppose these edges to be red). For all other
edges vkvl take vectors hk+hl . It is easy to see that any n of these vectors are linearly independent
and all these vectors are linearly dependent. Hence, Γ corresponds to some simplex P in En .
By [8], the group ˜Dn has no finite index indecomposable reflection subgroups different from ˜Dn .
Therefore, P generates ˜Dn .
Now, show that each graph Γ presented in the left column of Table 3 corresponds to a unique
family of simplices generating ˜Dn . Indeed, a family diagram of the family containing P can be
recovered from Γ (P): nodes of the diagram correspond to edges of Γ , two nodes are adjacent
if the corresponding edges have a common point. Therefore, the family does not depend on the
choice of initial edges. Moreover, in the beginning of the procedure we could make red not one
but several edges: the family diagram would not be changed. Hence, family diagrams of simplices
generating ˜Dn are in one-to-one correspondence with graphs shown in the left column of Table 3.
By Lemma 1, each family diagram corresponds to a unique family. Thus, families of simplices
generating ˜Dn are in one-to-one correspondence with graphs shown in the left column of Table 3.
An explicit calculation shows that the generalized Coxeter diagram of simplex generating ˜Dn is
one of diagrams shown in the right column of Table 3.
To find the number of families notice thatΓ (P) is uniquely determined by the numbers N1 and
N2 of edges in two cycles. Numbers N1 and N2 are any two integers satisfying N1 + N2 ≤ n + 1
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and 2 ≤ N1 ≤ N2 ≤ n. The number of such pairs (N1, N2) equals either 14 n(n−2) or 14 (n−1)2 if
n is even or odd respectively. The case N1 = N2 = 2 corresponds to a Coxeter simplex ˜Dn . 
4.4. Simplices generating other groups
In Sections 4.1–4.3 we have described all families generating the groups ˜An , ˜Bn , ˜Cn and ˜Dn .
Now, we are left to classify families generating finitely many other indecomposable Euclidean
reflection groups. Namely, we are left with the groups ˜E6, ˜E7, ˜E8, ˜F4, and ˜G2. We can find the
complete answer following the algorithm contained in the beginning of Section 4. This was done
using a computer. As the result we obtain lists which are rather large: there exist
17 families of simplices generating ˜E6,
142 families of simplices generating ˜E7,
1736 families of simplices generating ˜E8,
11 families of simplices generating ˜F4,
and 2 families of simplices generating ˜G2.
See [9] for the complete list of these families.
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